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We discuss universal features on the electron spin resonance (ESR) of a temperature-induced Tomonaga-Luttinger
liquid phase in a wide class of weakly coupled S = 1/2 antiferromagnetic spin chains such as spin ladders, spin tubes
and three-dimensionally coupled spin chains. We show that the ESR linewidth of various coupled chains increases
with lowering temperature while the linewidth of a single spin chain is typically proportional to temperature. This
broadening with lowering temperature is attributed to anisotropic interchain interactions and has been indeed observed
in several kinds of three-dimensional (3D) magnets of weakly coupled spin chains above the 3D ordering temperature.
We demonstrate that our theory can account for anomalous behaviors of the linewidths in an S = 1/2 four-leg spin
tube compound Cu2Cl4·H8C4SO2 (abbreviated to Sul-Cu2Cl4) and a three-dimensionally coupled S = 1/2 spin chain
compound CuCl2 · 2NC5H5.
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Introduction. — The Tomonaga-Luttinger liquid (TLL) is
a universal concept that describes gapless metallic states in
one-dimensional (1D) quantum systems instead of Fermi liq-
uid in higher-dimensional systems.1–3 Today, various sorts of
quasi-1D materials are avilable to study 1D characteristic fea-
tures. For the realization and control of TLL physics, quasi-
1D quantum antiferromagnets offer an ideal stage accessi-
ble by rich experimental techniques. For example, a field-
induced TLL phase4, 5 under a strong magnetic field have
been investigated in recently synthesized spin-ladder com-
pounds (C5H12N)2CuBr4 and (C7H10N)2CuBr4 by means of
thermodynamic measurements,6, 7 neutron scattering,8–10 nu-
clear magnetic resoannce (NMR)11–14 and electron spin reso-
nance (ESR).15, 16
Among the above experimental techniques, ESR occupies
a unique position thanks to its high sensitivity to breakdown
of the spin rotational symmetry. For instance, ESR mea-
surements uncovered with high accuracy that the TLL ac-
quires a field-induced gap and multiple kinds of bulk17–24 and
edge25 excitations when a magnetic field is applied to quan-
tum spin chain compounds with staggered Dzyaloshinskii-
Moriya (DM) interaction. On the theoretical side the ESR has
long proposed important problems.26–31 For 1D antiferromag-
nets, a recent prominent development of the ESR theory was
given by Oshikawa and Affleck.30 Their theory gave theoreti-
cal explanations to the resonance frequency and the linewidth
of the ESR spectrum in quantum spin chain compounds.
One should however notice that we have only a few reliable
theoretical results32 to understand ESR of quasi-1D quantum
magnets (Fig. 1) going beyond the purely 1D cases.31, 33–38
For instance, the ESR linewidth of antiferromagnetically cou-
pled quantum spin chains often has a maximum value at the
Ne´el temperature TN .39 In this case, while a phenomeno-
logical theory of antiferromagnetic resonance27 explains the
(a) (b) (c) (d)
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Fig. 1. (a) Two-leg ladders, (b) three-leg tubes, (c) four-leg tubes, and (d)
three-dimensionally (3D) coupled spin chains.
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Fig. 2. Hierarchies of phases in the WCSCs shown in Fig. 1 (a-d). The
label corresponds to that of Fig. 1. The light green area is the temperature(T)-
induced TLL phase of our interest.
broadening as T ↗ TN (i.e. T approaches TN from below),
no theory explains that as T ↘ TN (i.e. T approaches TN
from above). A quasi-1D antiferromagnet Cu2Cl4·H8C4SO2
(abbreviated to Sul-Cu2Cl4)40–45 is much more interesting.
The ESR linewidth of this compound shows a similar max-
imum at a temperature42 just like that at TN . Since this mag-
net has no magnetic order on the low-temperature side,40 the
phenomenological argument is inapplicable. This experimen-
tal result indicates that the ESR linewidth will be capable of
probing the crossover to quantum nonmagnetic phases. Nev-
ertheless, such behavior of the ESR linewidth is yet to be un-
derstood. In order to bridge the gap between the preceding
theories and the potential experimental ability, an organized
theory for ESR in quasi-1D quantum magnets with interchain
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interactions is necessary.
In this paper, we present a microscopic theory for uni-
versal behavior of the ESR linewidth in quasi-1D quantum
antiferromagnets, introducing an idea of the temperature-
induced TLL. For this purpose, we apply field theoretical
techniques (mainly the bosonization). We show that the ESR
linewidth generally grows near the temperature where the
TLL phase is violated by interchain interactions. Namely,
the ESR linewidth provides a good probe to the phase tran-
sitions or crossovers between temperature-induced TLL and
neighbring lower-temperature phases even when the low-
temperature phase is nonmagnetic. Our theory covers general
quasi-1D antiferromagnets including the aformentioned ex-
periments.39, 42
Temperature-induced TLL. — Let us start our discussion
from definition of the model for quasi-1D systems of weakly
coupled spin chains (WCSCs) depicted in Fig. 1. Their Hamil-
tonian is given by
H = H‖ +H⊥ − gµBHS z +H ′. (1)
The first two terms H‖ and H⊥ denote the main part of
isotropic intrachain and interchain interactions, respectively.
The third term represents the Zeeman energy with the Lande´
factor g, the Bohr magneton µB, and the external magnetic
field H coupled to the total spin S a ≡ ∑ j,n S aj,n (a = x, y, z).
The last term H ′ is a small anisotropy. Note that the ESR
linewidth must be zero withoutH ′.30
To explain the WCSC (1) and the temperature-induced
TLL, it is instructive to consider a two-leg spin ladder with
strong exchange interactions along the leg as a simple exam-
ple of WCSCs.46 The Hamiltonian of the ladder is given by
H‖ = J‖
∑
n=1,2
∑
j
S j,n · S j+1,n, H⊥ = J⊥
∑
j
S j,1 · S j,2, (2)
where J‖ > 0 is the antiferromagnetic exchange coupling
along the leg much larger than the rung coupling |J⊥| (i.e.
J‖  |J⊥|). The anisotropic term H ′ is unspecified for the
moment. We will consider several forms of H ′ later. Here-
after we employ a unit ~ = kB = gµB = 1 for simplicity.
The temperature-induced TLL phase is characterized by
two energy scales TL,H (Fig. 2) when external field H is suffi-
ciently small. The temperature TH ∼ J‖ represents an energy
cost to flip an S = 1/2 spin. When T > TH , the exchange
interaction J‖( |J⊥|) is negligible and all the spins fluctuate
independently. In an intermediate region, TL < T < TH , the
intrachain correlation of spins is developed while interchain
one is not. The region TL < T < TH defines the temperature-
induced TLL phase where both spin chains are well described
by the TLL and they are only weakly coupled through the in-
terchain interaction. The lower bound TL is given by the high-
est energy ∆ in mass gaps of all the magnon bands of WC-
SCs and therefore it depends on the detail of the interchain
interaction. In the case of the two-leg spin ladder, TL is equal
to the excitation gap of the antisymmetric mode, which we
symbolically denote as “S j,1 − S j,2”46, 47 and it is evaluated as
TL ∼ |J⊥|. In the lower temperature regime T < TL, the ladder
is in a gapped nonmagnetic phase. Note that TL is indepen-
dent of the external magnetic field H because H is coupled to
only the symmetric mode “S j,1 + S j,2” and not to the antisym-
metric mode. This nature of TL is unchanged after including
H ′ such as weak exchange anisotropies. By contrast, for ex-
ample, in the spin chains with a staggered DM interaction,
H ′ = ∑ j,n(−1) jD · S j,n × S j+1,n, the excitation gap becomes
field dependent and the TL is evaluated as TL ∝ (DH/J2‖ )2/3.18
Therefore, the field dependence of TL allows a clear distinc-
tion between the staggered DM interaction and the interchain
exchange interaction.
When the magnetic field becomes strong enough in the low
temperature regime T < TL, the two-leg ladder enters into
the field-induced TLL phase from the nonmagnetic phase. In
the field-induced phase, only the symmetric mode “S j,1 +S j,2”
survives as the TLL.4 This is the definite difference from the
temperature-induced TLL. When we further lower the tem-
perature, the interladder interaction brings about a 3D order-
ing transition at Tc. Such a hierarchy of phases is summarized
in Fig. 2.
The above argument is easily extended to general Nleg-leg
spin ladders or tubes. The upper bound TH is unchanged and
the lower bound TL is changed depending on the form of
the interchain interaction. However, TL is still independent
of the field. This is because only the “center-of-mass” mode
“S j,1 + · · · + S j,Nleg ” is coupled to the magnetic field H48 and
the field H can make the mode gapless, while all of the other
“relative-motion” modes such as “S j,1 −S j,2” generally aquire
a finite excitation gap due to the interchain interactions (S j,n
denotes spin on j site of the n-th chain). If the interchain cou-
pling is frustrated, the lower bound TL/J‖ will be more sup-
pressed than the ratio J⊥/J‖ because of (partial) cancelation
of neighboring frustrated interactions.
Thus the temperature-induced TLL is an Nleg-component
TLL where effects of interchain interactions are weakened
by temeprature. The temperature T = TL gives a crossover
temperature of the weak and the strong interchain interaction
regimes.
The case of 3D coupled spin chains [Figs. 1 (d) and 2 (d)]
immediately follows by taking Nleg → +∞ and replacing TL
to the 3D ordering temperature Tc ∝ |J⊥|.49, 50
Linewidth of Ladder. — We derive the ESR linewidth of
the spin ladder in the temperature-induced TLL phase TL <
T < TH . At high temperatures H  T , the linewidth η [see
Fig. 3 (a)] is given by27, 30
η = − Im GRAA† (ω = H)/2〈S z〉, (3)
where GRAA† (ω) is retarded Green’s function
46 of A(t) =
[H ′, S +(t)] with S + = ∑ j,n(S xj,n + iS yj,n). For H ′ = 0, we
obtain η = 0. The ESR absorption peak acquires a nonzero
linewidth from the weak anisotropy H ′, namely A. The
temperature-induced TLL has an advantage that Eq. (3) is an-
alytically computable.
2
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Fig. 3. (a) The Lorentzian ESR absorption spectrum I(ω) ∝ 1/((ω−ωr)2 +
η2). The other panels show schematic T dependence of the ESR linewidth
η in the strong-leg spin ladder (1) with (b) the rung anisotropy H ′r , (c) the
leg anisotropy H ′‖ and (c) both of them H ′⊥ + H ′‖ for H  T . Only in the
presence of H ′r , the broadening ∝ T−1 occurs. In the high (low) temperature
region T > TH (T < TL), the linewidth is constant (gradually disappears
down to T ↘ 0). The similar behavior of η is also predicted to be observed
in other quasi-1D antiferromagnets (see the text and Table I).
We first consider a longitudinal rung anisotropyH ′ = H ′⊥,
H ′⊥ = J⊥δ⊥z
∑
j
S zj,1S
z
j,2. (4)
Note that δ⊥z does not have to be small as far as J⊥/J‖ is
small. Utilizing the bosonization technique,1 we can compute
the linewidth driven by the rung anisotropyH ′⊥ as46
η = η⊥ =
J2⊥δ2⊥z
J‖χ
(
4C2u
pi
T
J‖
+
pi2C4s
16
J‖
T
)
. (5)
where Cu,s are dimensionless constants that appear in
bosonization formulas of the spin S j,n1 and χ = 〈S zj,n〉/H
is the uniform susceptibility, which is insensitive to T in
the temperature-induced TLL phase. One can similarly treat
the effect of a transverse rung anisotropy H ′ = H ′⊥ =
J‖δ⊥x
∑
j S
x
j,1S
x
j,2. The contribution of the transverse rung
anisotropy to the linewidth is a half of Eq. (5).
Equation (5) shows a clear difference between WCSCs and
purely 1D cases. The first term ∝ T/J of Eq. (5) comes from
a marginally irrelevant operator in the renormalization group
(RG) sense. Such a marginal interaction appears commonly in
quasi-1D quantum magnets. In the case of the S = 1/2 XXZ
chain, this T -linear term dominates the ESR linewidth.30 By
contrast, the last term ∝ (T/J)−1 of Eq. (5) emerges only af-
ter the relevant anisotropic interchain interaction is included.
To see this, we next consider an anisotropic exchange interac-
tion on legs H ′‖ = J‖δ‖z
∑
j,n S
z
j,nS
z
j+1,n with |δ‖z|  1. Dif-
ferent from δ⊥z(x), |δ‖z| should be small so that H ′‖ is per-
turbative. The anisotropy along the leg H ′‖ gives the same
result as the Oshikawa-Affleck theory for the XXZ chain,30
η = η‖ = 2J‖δ2‖z(4C
2
u/pi+C
4
s )T/J‖χ. The transverse anisotropy
H ′‖ = J‖δ‖x
∑
j,n S
x
j,nS
x
j+1,n gives a linewidth a half of it.
51 The
direction of anisotropy is irrelevant for the temperature de-
pendence because it merely modifies a numerical factor of the
linewidth.
system η TL Tcr TH
ladder withH ′⊥ AT−1 ∆ J‖ J‖
ladder withH ′‖ BT ∆ N/A J‖
ladder withH ′⊥ +H ′‖ AT−1 + BT ∆ |J⊥ | J‖
3D coupled chains AT−1 + BT Tc |J⊥ | J‖
XXZ chain30 BT 0 J‖ J‖
a staggered DM30 C(DH/T )2 (DH)2/3 J‖ J‖
Table I. Orders of characteristic temperatures TL,H,cr and the temperature
dependence of the ESR linewidth η in the (multi-component) TLL phase
TL < T < TH for several S = 1/2 WCSC. Constants A, B and C depend
on microscopic information on the systems. For comparison, we list the re-
sults of the intrachain anisotropies, XXZ anisotropy and the staggered DM
interaction.30 The const. D is the magnitude of the DM vector.
Spin ladder compounds are generally expected to possess
both rung and leg anisotropies, H ′ = H ′⊥ +H ′‖ , in which the
linewidth η has two possible dominant terms. One comes from
the rung anisotropy η⊥ ∝ J2⊥δ2⊥zT−1 and the other from the
leg anisotropy ηl ∝ δ2‖zT . Given comparable δ⊥z and δ‖z, the
linewidth changes its temperature dependence at a crossover
temperature Tcr ∼ |δ⊥zJ⊥/δ‖z|. For Tcr < T < TH , the leg
anisotropy dominates the linewidth and leads to a T -linear
narrowing. For TL < T < Tcr, the rung anisotropy dominates
the linewidth and leads to the T−1 broadening [Fig. 3 (d)]. We
summarized the characteristic temperatures TH,L,cr in Table. I.
One can systematically understand the temperature depen-
dence of the linewidth from the RG viewpoint. In TLL phases,
every anisotropic interaction is written as an operator with a
scaling dimension ds whose coupling constant δ grows or van-
ishes following the RG equation.52 The RG argument shows
that in the anisotropy termH ′, (non-chiral) operators with di-
mension ds contribute to the linewidth in a form
η ∝ J‖δ2(T/J‖)2ds−3 (6)
Equation (6) is derived from the relation η ∝
Im GR(ds/2,ds/2)(H,H/v) ∝ (T/J‖)2(ds−2) sinh(H/2T ), where
the Green’s function GR(ds/2,ds/2)(ω, q) is given in Eq. (S22)
of the Supplementary material.46 Since the power 2ds − 3
has the one-to-one correspondence with ds, the power law
(6) of the linewidth allows us to determine the most relevant
anisotropic interaction in TLL phases of WCSC compounds.
The bosonization theory1 tells us that ds is limited to two
values (i) ds = 1/2 and (ii) ds = 1 when the magnetic field H
is low enough and the system is nearly SU(2) symmetric. The
case (i) corresponds to a case of a staggered field h along the
chain generated from the staggered DM interaction, leading
to30 η ∝ J(h/J‖)2(T/J‖)−2. Although the bond alternation also
generates an operator with ds = 1/2, it preserves the S U(2)
rotational symmetry and has no impact on the linewidth. The
case (ii) leads to the “T−1 law” of the linewidth (5) driven
by the rung anisotropy. This is a unique and, simultaneously,
universal feature of interchain interactions. In fact, such an
anisotropic interaction with the scaling dimension ds = 1
is hardly found in intrachain interactions at low magnetic
field.1 The T−1 law of the linewidth gives an evidence of the
3
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Fig. 4. Observed ESR linewidth of Sul-Cu2Cl442 is compared with our re-
sult, η = A/T + BT with tuning parameters A and B. The exchange narrowing
is not found, whcih indicates Tcr ∼ J‖.
interchain anisotropy H ′⊥. It will be practically possible to
identify the anisotropic interaction from the power law (6)
of the linewidth because only two well discriminable values
ds = 1/2 and ds = 1 are allowed.
Generalizations. — Our theory on the two-leg ladder is
readily extended to the temperature-induced TLL phase of
the general Nleg-leg WCSCs. As far as the interchain inter-
action connects two chains (not three or more chains simul-
taneously), the T dependence of the ESR linewidth in spin
ladders (Fig. 3 and Table I) are still valid even for general
WCSC irrespective of geometric patterns of interchain (rung)
couplings.
As we already mentioned, one can also extend our theory
to 3D coupled spin chains. Thus we confirmed the broaden-
ing of the ESR spectrum near the 3D ordering temperature,
T ↘ Tc, without making ad hoc assumptions. Namely, we
gave a reasonable explanation to origin of the T−1 broadening
of the ESR linewidth near Tc, which has been observed in var-
ious 3D coupled spin chains. The T dependence of the ESR
linewidth in temperature-induced TLL phases is summarized
in Fig. 3 and Table I.
We note that the growth of the linewidth with lowering tem-
perature is similar to that of NMR relaxation rate.4, 53, 54 How-
ever, the growth of the ESR linewidth does not occur with-
out any relevant anisotropic interaction (4), while that of the
NMR relaxation rate always occurs regardless of the existence
of anisotropies.
Comparison with Experiments. — Let us apply our results,
Fig. 3 and Table I, to two experiments. First we consider
the S = 1/2 four-leg spin tube compound Sul-Cu2Cl4. Mi-
croscopic parameters of the model for this compound is yet
to be be settled.45, 55 Nevertheless, since the T dependence
of the susceptibility χ for 50 K < T < 100 K is well re-
produced with a model of a slightly-bond-alternating chain
H = J‖
∑
j(S2 j−1 · S2 j + αS2 j · S2 j+1) with J‖ = 105.6 K and
α = 0.98,40 we may conclude that the intrachain coupling J‖
is much stronger than the other interchain couplings. Points of
Fig. 4 show the experimentally derived linewidth.42 The set of
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Fig. 5. ESR linewidth on the S = 1/2 antiferromagnetic chain compound
CuCl2 ·2NC5H539 is fitted by using a function η = A/T +BT with parameters
A and B.
points for each frequency is excellently fitted by a black curve
η = A/T + BT by tuning parameters A and B. Moreover, the
temperature TL ∼ 20 K, where the linewidth takes a maxi-
mum value, is almost independent of the resonance frequency
ω, namely, the applied magnetic field H. This behavior elimi-
nates the possibility of the staggered DM interaction (Table I).
Besides, we fitted the experimental data with the ds = 1/2 for-
mula, that is, η′ = A′/T 2 + B′T with fitting parameters A′ and
B′. The linewidth η′ gives worse fittings of the experimental
data than η = A/T + BT , especially for ω/2pi = 240 GHz.
We thus conclude that the DM interaction is unlikely to be
the source of the maximum of the linewidth in Sul-Cu2Cl4. In
the low temperature regime T < TL, a gapped paramagnetic
phase is expected to be realized due to the interchain interac-
tions (the small bond alternation would not be the main origin
of the spin gap).
These results strongly indicate that the region 20 K < T <
105 K of Figure 4 is the temperature-induced TLL phase and
that TL ' 20 K will be determined by weak interchain inter-
actions. The small ratio TL/TH ∼ 10−1 can be attributed to
either a case that the interchain interaction is actually about
10 % of the intrachain interaction or a case that the frustrated
interchain interaction lowers the ratio. From the lattice model
proposed by Garlea et al.,43 we speculate that the latter pos-
sibility is likely to occur. Figure 4 also tells us that the intra-
chain anisotropy H ′‖ is much weaker than the interchain one
H ′⊥ because the linewidth behaves like Fig. 3 (b).
Next we consider the S = 1/2 antiferromagnetic spin chain
compound CuCl2 ·2NC5H5. The intrachain and 3D interchain
couplings are evaluated as J‖ = 13.4 K and J⊥ = 0.12 K, re-
spectively. The Ne´el ordered phase appears at TN = 1.135 K
due to J⊥. Figure 5 shows the experimental ESR linewidth
of this compound.39 The data are well fitted by a function
η = A/T + BT via fitting parameters A and B. From the
black curve, we find a crossover temperature Tcr ' 5 K,
which means that intrachain and interchain interactions have
comparable anisotropies [Fig. 3 (d)]. Since nonuniversal fac-
tors Cu,s in Eq. (5) are numerically determined for the spin
4
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chain,56–59 further experiments with changing the direction of
the magnetic field will enable us to determine the strength of
anisotropic exchange interactions of CuCl2 · 2NC5H5.
Conclusions. — In this Paper, we presented the organized
theory of the universal features of the ESR linewidth in
quasi-1D spin systems. We uncovered a microscopic origin
of the observed broadenings in the four-leg spin tube com-
pound (Fig. 4) and in the quasi-1D compound (Fig. 5) in the
unified way. We emphasize that our theory is applicable to
various spatially anisotropic quantum antiferromagnets even
when the low-temperature phase is nonmagnetic. Combin-
ing our theory on the linewidth with analyses on the reso-
nance frequency32, 51 will allow us to determine microscopic
anisotropic interactions of WCSC schematically. It will be
also interesting to apply our theory to spatially anisotropic
frustrated quantum antiferromagnets such as Cs2CuCr4.60, 61
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Supplemental Material
1. Bosonization for Ladders
In this section, we describe technical details of non-Abelian
and Abelian bosonizations for the S = 1/2 two-leg spin lad-
der of Eq. (1). Suppose the interchain (rung) coupling is suf-
ficiently weaker than the intrachain (leg) coupling, then we
may start with two decoupled S = 1/2 Heisenberg Antiferro-
magnetic (AF) chains to analyze the ladder. The low-energy
physics of a S = 1/2 single AF chain Hn is described by a
gapless Tomonaga-Luttinger liquid (TLL). In the bosoniza-
tion framework, the spin operator S j,n on the nth leg is written
in two parts:1, 62, 63
S j,n = Jn + (−1) jNn. (7)
The uniform component Jn = JnL + JnR is split into left-
moving (JnL) and right-moving (JnR) parts. These fields are
written in terms of chiral bosons φnL(nR):
JznL =
M
2
+
1√
2pi
∂xφnL, (8)
JznR =
M
2
+
1√
2pi
∂xφnR, (9)
J±nL =
Cu
2
e±i(
√
8piφnL+Hx/v), (10)
J±nR =
Cu
2
e∓i(
√
8piφnR+Hx/v), (11)
where M is the longitudinal magnetization per a site induced
by a magnetic field H, Cu is a nonuniversal dimensionless
constant, and x = ja is the continuous coordinate (a is the
lattice constant). The boson field φn and its dual field θn are
respectively defined as
φn = φnL + φnR, θn = φnL − φnR. (12)
The TLL Hamiltonian is expressed by using these fields as
follows:
Hn '
∫
dx
v
2
[K(∂xθn)2 + K−1(∂xφn)2], (13)
where v is the velocity of the TLL and K is the TLL parameter.
If the chain Hn has the spin-rotational SU(2) symmetry, the
value of K is fixed to unity, while magnetic anisotropies and
external field H generally change the value. The staggered
component Nn is written by using an SU(2) matrix fieldUn:
Nn = Cs Tr(Unσ), (14)
where Cs is a dimensionaless constant and σ = (σx, σy, σz) is
a set of Pauli matrices,
σx =
(
0 1
1 0
)
, σy =
(
0 −i
i 0
)
, σz =
(
1 0
0 −1
)
.
(15)
The element of the matrix fieldUn can be represented as
Un = −i2
(
ei
√
2piφn ie−i
√
2piθn
iei
√
2piθn e−i
√
2piφn
)
. (16)
Let us briefly discuss effects of the rung coupling and the
excitation gaps of the ladder at zero magnetic field. Using the
bosonization formula (7), the rung interaction (3) in the paper
is represented as
Hrung = gr
∫
dx
(
cos
√
4piθ−
+
1
2
cos
√
4piφ− +
1
2
cos
√
4piφ+
)
, (17)
where gr = JrC2s , and we have introduced new symmetric (+)
and antisymmetric (−) fields
φ± = (φ1 ± φ2)/
√
2, θ± = (θ1 ± θ2)/
√
2. (18)
This rung interaction (17) generates mass gaps of the φ±
fields. According to Shelton, Nersesyan and Tsvelik,64 under
zero magnetic field H = 0, two boson fields φ± and their dual
fields θ± can be fermionized and the fermionized theory con-
tains four Majorana fermions. Three of them have a degener-
ate excitation gap ∆t = |gr |/2 and the other one has a larger
gap ∆s = 3|gr |/2. Physically, ∆t is the spin-triplet (magnon)
excitation gap and ∆s is the spin-singlet (two-magnon bound
state) gap. The lowest-energy excitation gap at zero mag-
netic field equals to ∆t. Since the uniform component of spins
J1 + J2 is proportional to ∂xφ+, only the symmetric field φ+
is coupled to an external magnetic field H in the Zeeman term
−H∑ j S1, j + S2, j.
2. Retarded Green’s functions
Let us discuss several important points in the practical cal-
culation of the electron spin resonance (ESR) spectrum of
the spin ladder (1). We consider the high-temperature region,
T & ∆, in which the rung interaction Hrung and the perturba-
tive anisotropy termH ′ are both negligible in calculations of
thermodynamic properties. In this region, the two-leg ladders
are described by two TLLs:
Hladder '
∫
dx
∑
a=±
v
2
{
(∂xθa)2 + (∂xφa)2
}
(19)
We should however note that, when the ESR spectrum is
concerned, we cannot neglect the effect of the magnetic
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anisotropy H ′ even in the high temperature region. This is
because the ESR spectrum is essentially determined by the
magnetically anisotropic terms even if they are very small.
Here we focus on the following longitudinal rung
anisotropy:
H ′ = Jrδ⊥z
∑
j
S zj,1S
z
j,2. (20)
For this anisotropy, the uniform and staggered components of
the operatorA = [H ′, S +], that is,
A = 2Jrδ⊥z(J⊥ +N⊥), (21)
where J⊥ and N⊥ can be expressed in terms of the boson
fields as follows:
J⊥ =
∫
dx
∑
n,n′
(
: JznL : J
+
n′R+ : J
z
nR : J
+
n′L
)
=
Cu√
4pi
∫
dx
[
∂xφ−Le−i
√
4piφ+R−iHx/v cos
√
4piφ−R
+ ∂xφ+Rei
√
4piφ+L+iHx/v cos
√
4piφ−L
]
+ i
Cu√
4pi
∫
dx
[
∂xφ−Le−i
√
4piφ+R−iHx/v sin
√
4piφ−R
− ∂xφ−Rei
√
4piφ+L+iHx/v sin
√
4piφ−L
]
, (22)
and
N⊥ =
∫
dx (Nz1N
+
2 + N
z
2N
+
1 )
= C2s
∫
dx
[
sin(
√
4piφ+L + Hx/v)e−i
√
4piφ−R
+ sin(
√
4piφ+R + Hx/v)ei
√
4piφ−L
]
. (23)
: O := O − 〈O〉 denotes a normal ordering. Here chiral boson
fields φ±L(R) have been defined by
φ± = φ±L + φ±R, θ± = φ±L − φ±R. (24)
Following the standard bosonization technique, the Fourier
transformed retarded Green’s function of the operator J⊥ is
calculated as
GRJ⊥J†⊥ (ω) =
NC2u
pi
GR(1,1)(ω,
H
v ), (25)
where N is the length of the leg and the Green’s function
GR(1,1)(ω,
H
v ) is defined as
GR( d2 , d2 )
(ω, q) = − sin(pid)Fd
(
ω − vq
4piT
)
Fd
(
ω + vq
4piT
)
, (26)
with d = 2. Here Fx(y) = (2piT/v)x−1B( x2 − iy, 1 − x) with
B(x, y) being the Beta function. The quantity GRAA† (ω = H)
in Eq. (6) is written in terms of GR(∆,∆¯)(ω, q) as
GRAA† (H) = 4J
2
r δ
2
⊥z
[
C2u
pi
GR(1,1)(H,
H
v ) +
C4s
4
GR( 12 , 12 )
(H, Hv )
]
,
(27)
In order to obtain the ESR spectrum, we need GRJ⊥J†⊥ (ω =
H), namely, GR(1,1)(H,H/v). Instead of the general representa-
tion for GR( d2 , d2 )
(ω, q) of Eq. (26), we here comment on another
useful representation,
GR( d2 , d2 )
(ω, q)
= − 1
sin(pid)
1
Γ2(d)
(
2piT
v
)2(d−1)
×
∣∣∣∣Γ(d2 + iω − vq4piT
)
Γ
(
d
2
+ i
ω + vq
4piT
)∣∣∣∣2
× sin
(
pid
2
+ i
ω − vq
4piT
)
sin
(
pid
2
+ i
ω + vq
4piT
)
, (28)
where Γ(z) is the Gamma function. The equivalence between
Eq. (26) and Eq. (28) is easily proven by using a definition of
the Beta function, B(x, y) = Γ(x)Γ(y)/Γ(x + y) and a reflection
formula of the Gamma function,
Γ(z)Γ(1 − z) = pi
sin(piz)
. (29)
Taking the limit d → 2 in Eq. (28), we obtain
GR(1,1)(H,H/v) = limd→2
sin(pid/2)
sin(pid)
(
2piT
v
)2
×
∣∣∣∣Γ(1 + i H2piT
)∣∣∣∣2 sin( iH2T
)
' −ipi
2HT
v2
. (30)
It is purely imaginary.
On the other hand, GN⊥N†⊥ (ω) is proportional to
GR( 12 , 12 )
(ω,H/v):
GRN⊥N†⊥ (ω) =
NC4s
4
GR( 12 , 12 )
(ω, Hv ). (31)
The right hand side is divergent if we take ω = H. In fact, if
we put d = 1 + ∆′ with |∆′|  1 in Eq. (28), we obtain
GR( d2 , d2 )
(H, Hv ) = −
1
sin(pid)
Γ4( 12 ) sin
(
pid
2
+ i
H
2T
)
' pi
∆′
− ipi
2H
4T
, (32)
where we have considered the case H  T . As ∆′ approaches
zero, the real part diverges. However, we can show that this
divergence of the real part has no impact on observable quan-
tities due to the following reasons. First we should note that
an infinitesimal ∆′ is actually nonzero if we include the renor-
malization of the TLL parameter in the spin chainHn. For an
SU(2)-symmetric AF spin chain, the TLL parameter is fixed,
but any magnetic anisotropy generally change the value of the
TLL parameter and it also induces the change of scaling di-
mensions d of vertex operators eiαθ± and eiαφ± .1 After includ-
ing the renormalization due to the anisotropy of Eq (20), ∆′ is
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approximately given by
∆′ ' 1
2
(
Jrδ⊥z
2pi2J
)2
. (33)
Since A = [H ′, S +] is proportional to the small parameter
δ⊥, we did not need to carefully consider the effect of the
renormalized TLL parameter on J⊥ and N⊥ in the main text.
Namely, the renormalization effect leads to just a higher or-
der correction to A and the ESR spectrum. Second we find
that the divergent term ∝ ∆′−1 in Eq. (32) cancels out the
small factor δ2⊥z in Eq. (27). As a whole, the physical quantity
GRAA† (H) hence becomes finite. The point is that the diver-
gent correlation GR( 12 , 12 )
(ω) always appears in physical quanti-
ties with a form δ2⊥zGR( 12 , 12 )
(ω) so as to be finite.
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